We compute in this article the KK-theory of A-valued semi-circular systems thanks to tools developed by Pimsner (see [1] ) to study generalized Toeplitz algebras. To begin with, we will need a result in Hilbert module theory.
Indeed, let x i , x k ∈ E, b i , b k ∈ B. We have:
As B is closed in C , we have: ∀x, y ∈ E 0 , < x, y > ∈ B. As a result, E 0 is naturally endowed with a structure of pre-Hilbert module over B, which is complete because E 0 is a closed subspace of the Hilbert module E ⊗ ψ C .
For the second part of the proposition, let π :
. Then π induces π : E ⊗ alg B → E 0 . We clearly have:
<π ( so π is an isometry. As E 0 is complete, π extends to an isometry π on E ⊗ φ B. As π is an isometry, Im( π ) is closed in E 0 , but Im( π) contains a dense subspace of E 0 , so π is an isomorphism and E 0 E ⊗ φ B.
Let's turn now to our main result. Let A be a C * -algebra with unit, and E be a Hilbert module over A with an isometric 
) and the annihilation operator is given by
We denote by T E the associated Toeplitz algebra, which is the C * -algebra generated by A and the operators T ξ . If E is also endowed with an anti-linear involution ξ → ξ * then there is a natural *-subalgebra of T E , that we denote by S E , and is generated by A and elements T ξ + T * ξ * . This algebra is mainly studied in a Von Neumann algebra context (see for example [2] and [3] ). We will here compute its KK-theory as a particular case of the following theorem. 
We denote by i A the inclusion of A in S, i S the inclusion of S in T E and j We have the relations j ⊗ T E β = 1 A and β ⊗ A j = 1 T E , where 1 C , for every C * -algebra C , is the multiplicative unit in the
Proposition 0.4. We have the relations i
Indeed, for the first one we have
For the second one, we first recall all the tools which are introduced in Pimsner's article in the proof of Theorem 4.4. 
Conditions 1) and 2) are easy to check.
As regards condition 3), we have: T * ξ,tT ζ,t = I + J + K where
Then we compute each term on the subspace where it doesn't vanish. Remark that the subspaces
We have:
For the last two statements, we use the fact that π 1 (T * ξ ) vanishes on the subspaces A = E ⊗0 and E = E ⊗1 of F (E). As regards the last term, let η ∈ F (E). We have:
We now focus on α ⊗ A i A . Likewise, we can define τ
The element α ⊗ A i A is given by the Kasparov module
be a generator of the C * -algebra S. We first show that π t (g) stabilizes F (E) ⊗ i A S.
As in the proof of Lemma 0.5 we only pay attention on the subspaces where terms do not vanish.
η ∈ E. Then we have: 
We only need to check it for g ∈ S generator with g
. The projection P , introduced at the beginning, is clearly a compact operator of 
